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FUNCTORIAL TRANSFER OF COHOMOLOGICAL REPRESENTATIONS
FROM Sp(4,R) TO GL(5,R)
MAKARAND SARNOBAT
Abstract. Let G = Sp(4,R) and let pi be an irreducible, unitary representation of G which
is cohomological with respect to trivial coefficients. Using the inclusion from LSp(4,R)◦ =
SO(5,C) to LGL(4,R)◦ = GL(5,C), we transfer pi to an irreducible representation ι(pi) of
GL(5,R) and determine how the property of being cohomological behaves under Langlands
functoriality. We also make some comments about representations which are cohomological
with respect to non-trivial coefficients.
1. Introduction
The main aim of this article is to study the cohomological properties of representations
of GL(5,R) which are obtained by a Langlands transfer of cohomological representations of
Sp(4,R). This project started with the following observation of Schwermer: A cohomologi-
cal representation π of GL(2,R) transfers to a cohomological representation of GL(3,R) via
the symmetric power transfer (see [11]). This result was extended for the symmetric power
transfer from GL(2,R) to GL(n + 1,R) by Raghuram in [14]. Such a result was then used
to study the arithmetic of symmetric power L-functions attached to π. The reader is also
referred to [16] where there is a general discussion involving Langlands functoriality, coho-
mological representations, and applications to the special values of L-functions. Further, in
[15], when does a tempered representation of a classical group transfers to a cohomologi-
cal representation of an appropriate GL(n,R) or GL(n,C) was determined by the author
and Raghuram. This led to the following question: When does a cohomological representa-
tion (tempered or not) of a classical group transfer to a cohomological representation of an
appropriate GL(n,R) or GL(n,C)?
We answer this question in the special case for transfer from Sp(4,R) to GL(5,R). In this
article, we answer this question completely for cohomological representations with trivial
coefficients. The main result of this article is Theorem 8.1. The two main tools for obtain-
ing this result are the Vogan-Zuckerman classification of unitary, irreducible cohomological
representations (which will be called cohomological representations) of Sp(4,R) given in [21]
and a similar classification for GL(5,R) given by Speh in [19]. Section 2 introduces basic
definitions and fixes notations. Sections 3 and 4 recall the Vogan-Zuckerman classification of
cohomological representations and Speh’s classification. We work out a toy case of transfer
from SL(2,R) to GL(3,R) in section 5. Then, using the classification of Vogan-Zuckerman,
we list down all the cohomological representations of Sp(4,R) in Section 6. We then ex-
plicitly compute the transfer of these representations in section 8 and check, using Speh,
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which of the resulting representations are cohomological. Finally, we summarize our results
for cohomological representations with trivial coefficients in section 8.4 and we make further
observations in the non-trivial coefficients case in section 9. We summarize all the results
and a conjecture in section 9.4.
Acknowledgements: The author would like to thank Raghuram for suggesting this problem and
giving his valuable inputs from time to time. I would also like to thank Dipendra Prasad and
Arvind Nair for his interest in the results of this project, and for helpful tutorials on Langlands
parameters.
2. Background and Notations
In this section, we fix notations and recall some of the important results which we will use
in the sections to follow.
We denote by g0, k0, . . . etc. by the real Lie algebras and g, k . . . etc. be the corresponding
complexifications of G,K, . . . respectively.
Let Sp(2n,R) = {A ∈ GL(2n,R) : tAJA = J}, where J =
(
0 In
−In 0
)
. Let g0 be the
corresponding Lie algebra. Let
h0 =
{


x1
0
. . .
xn
−x1
. . . 0
−xn


∣∣∣∣∣xi ∈ R
}
.
Let K =
{(
A B
−B A
)
: A,B ∈ GL(n,R), AtB = tBA, AtA+BtB = In
}
be a maximal
compact subgroup of Sp(2n,R) and WK be the Weyl group of K. Any element of WK
acts on an element of ih0 by permuting the entries xi.
For G = Sp(4,R), we fix an appropriate basis for the Lie algebra of G. We fix the following
basis (see [13]):
Z = −i


0 0 1 0
0 0 0 0
−1 0 0 0
0 0 0 0

 , Z ′ = −i


0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

 ,
N+ =
1
2


0 1 0 −i
−1 0 −i 0
0 i 0 1
i 0 −1 0

 , N− = 12


0 1 0 i
−1 0 i 0
0 −i 0 1
−i 0 −1 0

 ,
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X+ =
1
2


1 0 i 0
0 0 0 0
i 0 −1 0
0 0 0 0

 , X− = 12


1 0 −i 0
0 0 0 0
−i 0 −1 0
0 0 0 0

 ,
P1+ =
1
2


0 1 0 i
1 0 i 0
0 i 0 −1
i 0 −1 0

 , P1− = 12


0 1 0 −i
1 0 −i 0
0 −i 0 −1
−i 0 −1 0

 ,
P0+ =
1
2


0 0 0 0
0 1 0 i
0 0 0 0
0 i 0 −1

 , P0− = 12


0 0 0 0
0 1 0 −i
0 0 0 0
0 −i 0 −1

 .
Note that, we have the Cartan decomposition for g = sp(4) = k+p, where k = 〈Z,Z ′, N+, N−〉
and p = 〈X+, X−, P1+, P1−, P0+, P0−〉.
The table of Lie brackets for the above basis is as follows:
Z Z ′ N+ N− X+ X− P1+ P1− P0+ P0−
Z 0 0 N+ −N− 2X+ −2X− P1+ −P1− 0 0
Z ′ 0 0 −N+ N− 0 0 P1+ −P1− 2P0+ −2P0−
N+ −N+ N− 0 Z
′ − Z 0 −P1− 2X+ −2P0− P1+ 0
N− N− −N− Z − Z
′ 0 −P1+ 0 −2P0+ 2X− 0 P1−
X+ −2X+ 0 0 P1+ 0 Z 0 N+ 0 0
X− 2X− 0 P1− 0 −Z 0 N− 0 0 0
P1+ −P1+ −P1+ −2X+ 2P0+ 0 −N− 0 Z + Z
′ 0 N+
P1− P1− P1− 2P0− −2X− −N+ 0 −Z − Z
′ 0 N− 0
P0+ 0 −2P0+ −P1+ 0 0 0 0 −N− 0 Z
′
P0− 0 2P0− 0 −P1− 0 0 −N+ 0 −Z
′ 0
This will help us in doing explicit computation when we compute the cohomological rep-
resentations of G.
3. Vogan-Zuckerman classification of cohomological representations
We briefly recall the Vogan-Zuckerman classification for cohomological representations and
an algorithm to compute the Langlands inducing data for these representations. A more
detailed account of this section can be found in [21]. Let G be a connected real semi-simple
Lie group with finite center. Let g0 be the Lie algebra of G and g be the complexification
of g0. Let K ⊆ G be a maximal compact subgroup of G and θ be the corresponding Cartan
involution of G. Then, we have the Cartan decomposition
g = k+ p,
where k is the +1 eigenspace of θ and p the −1 eigenspace.
4 MAKARAND SARNOBAT
For any irreducible unitary representation (π, V ), the Harish-Chandra module, V
∞
K , as-
sociated with it is the space of all smooth K-finite vectors in V . Harish-Chandra in 1953
proved the following result:
Theorem 3.1. (Harish-Chandra, [6]) V
∞
K is irreducible as a g-module and determines π up
to unitary equivalence.
This reduces our study of irreducible unitary representations of G to studying irreducible
(g, K)-modules. Vogan-Zuckermann described precisely these (g, K)-modules for which the
(g, k) cohomology groups do not vanish. We need two parameters: a θ-stable parabolic
subalgebra q and an admissible homomorphism λ on the Levi of q.
We construct a θ-stable parabolic subalgebra as follows: Let x ∈ ik0. Since K is compact,
ad(x) : g→ g is diagonalizable with real eigenvalues. Then define,
q = sum of non-negative eigen-spaces of ad(x),
l = the zero eigen-space of ad(x) = centralizer of x. ,
u = sum of positive eigen-spaces.
Then q is a parabolic subalgebra of g and q = l+u is the Levi decomposition of q. We also
have l0 = g0 ∩ l. Since θ(x) = x, the subalgebras q, l, u are all invariant under the Cartan
involution θ. The parabolic subalgebras obtained in this way are called θ-stable parabolic
subalgebras of g. This gives us one of the two parameters.
Let t0 ⊆ k0 be a Cartan subalgebra containing ix. Then t ⊆ l. For any subspace f, which
is stable under ad(t), let ∆(f, t) = {α1, . . . , αr} be the roots of t occurring in f. We allow
multiplicities in the set ∆(f, t). Define
ρ(f) =
1
2
∑
αi∈∆(f)
αi.
Let L ⊆ G be the connected subgroup of G with Lie algebra l0. A representation λ : l → C
is called admissible if
• λ is a differential of a unitary character (also denoted by λ) of L.
• If α ∈ ∆(u), then 〈α, λ|t〉 ≥ 0.
A θ-stable parabolic subalgebra q along with an admissible character, λ, of l gives us an
irreducible unitary cohomological representation of G. Given q and an admissible λ, define
µ(q, λ) = Representation of K of highest weight λ|t + 2ρ(u ∩ p).
We are now in a position to state the classification result.
Theorem 3.2 ([21] Theorem 5.3). Let q be a θ-stable parabolic subalgebra and let λ : l→ C
be an admissible character. Then there is a unique irreducible g-module Aq(λ) such that:
(1) The restriction of Aq(λ) to k contains µ(q, λ).
(2) The center Z(g) of the universal enveloping algebra acts by χλ+ρ on Aq(λ).
(3) If a representation of highest weight δ of k appears in the restriction of Aq(λ), then
δ = λ|t + 2ρ(u ∩ p) +
∑
α∈∆(u∩p)
nαα,
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with nα’s non-negative integers.
This classifies all the irreducible unitary cohomological representations of the Lie group G.
The representation Aq(λ) has non-trivial cohomology with respect to the finite-dimensional
representation of G with highest weight λ.
Remark 3.3. [21] Aq(λ) is the discrete series representation if and only if l ⊆ k. Further,
Aq is a tempered representation if and only if [l, l] ⊆ k.
3.1. Langlands data for Aq(λ). We obtain the Langlands inducing data fr Aq(λ)’s as
follows. The details can be found in [21]. Fix a maximally split θ-stable Cartan subgroup
H = TA of L (corresponding to the Levi part l of the θ-stable parabolic subalgebra q) and
an Iwasawa decomposition L = (L ∩K)ANL. Put
MA = Langlands decomposition of centralizer of A in G,
ν = (
1
2
sum of roots of a in nL) + λ|a ∈ a
∗.
Now, let P be any parabolic subgroup of G such that P has Levi factor MA satisfying
〈Re(ν), α〉 ≥ 0 for all roots α of a in nL. It remains to describe the discrete series repre-
sentation σ of M . The Harish-Chandra parameter of σ is ρ+ + λ|t + ρ(u); where ρ
+ is half
sum of positive roots of t in m∩ l and ρ(u) is half sum of roots of t in u. The only difficulty
here is that if M is not connected then the Harish-Chandra parameter does not completely
define the discrete series representation of M . We fix this as follows:
Let
µM(q, λ) = Representation of M ∩K of extremal weight
λ|t + 2ρ(∧
dim(u∩p)(u ∩ p))|t.
Let σ be the discrete series representation with lowest M∩K type µM(q, λ). This completely
determines the discrete series representation of M . This is the Langlands inducing data for
the representation Aq(λ).
4. Speh’s Classification
We now recall Speh’s classification of irreducible, unitary representations of GL(n,R)
which are cohomological with respect to trivial coefficients. For this we need some special
representations introduced by Speh for GL(2n,R). Let G = GL(2n,R), n > 1. Let Cn = TA
be the Cartan subgroup containing matrices of the form:


cosφ1 sinφ1
−sinφ1 cosφ1
. . .
cosφn sinφn
−sinφn cosφn




a1
a1
. . .
an
an

 .
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Then the roots system Φ(c, g) is of type An−1 with each root occurring 4 times. Let Φ
+
be the set of positive roots and set ρn =
∑
α∈Φ+
2α.
Let P = MnAnN be the parabolic subgroup where N is determined by the set of positive
roots Φ+. Then the connected component M◦n of Mn is isomorphic to n copies of SL(2,R)
and Tn is isomorphic to a product of n copies of O(2).
Let χ(k); k > 0 be the quasi-character of Cn such that the restriction of χ, to each SO(2)
component, is e2piik and the restriction to An is exp(
1
2
ρn). Define
I(k) = J(χ(k)),
where J(χ(k)) is the Langlands quotient of the induced representation Ind
GL(2n)
P (π(k)⊗χ(k))
and π(k) = Dk ⊗ Dk ⊗ · · · ⊗ Dk is a representation of M = SL±(2,R)
n. If G = GL(2,R),
then put I(k) to be the discrete series representation Dk of GL(2,R).
Now we describe cohomological representations of GL(n,R). Let (n0, n1, . . . , nr) be a
partition of n with n0 ≥ 0 and ni = 2mi for all 1 ≤ i ≤ r and all the ni are positive. Let
P = MAN be the parabolic corresponding to the partition (n0, . . . , nr). Then,
M =
r∏
i=0
SL±(ni,R).
Let ki = n −
r∑
j=i+1
nj −mi. Then, define I(ki) on SL±(ni,R). Define the induced represen-
tation
IndGP (⊗
r
i=1I(ki)⊗ χn0 ⊗ χ0),
where χn0 and χ0 are trivial representations of SL±(n0,R) and AN respectively. Then we
have,
Theorem 4.1. (see [19]) The induced representation
IndGP (⊗
r
i=1I(ki)⊗ χn0 ⊗ χ0)
is irreducible and classifies all the unitary, irreducible representations of GL(n,R) which have
cohomology with trivial coefficients.
Even though this gives us a list of all the irreducible, unitary and cohomological represen-
tations of GL(n,R), we would like to state this result in a more usable way. We now will
give the Langlands inducing data for these representations.
With notations as above, choose a Cartan subgroup C(n−n0)/2 in MA with the following
properties:
• C(n−n0)/2 ∩ SL±(nl,R) is the fundamental Cartan subgroup of SL±(nl,R) for l ≥ 1,
and
• C(n−n0)/2 ∩ SL±(n0,R) is the split Cartan subgroup of SL±(n0,R).
Then we can decompose C(n−n0)/2 as T(n−n0)/2A(n−n0)/2 with the following properties:
• T(n−n0)/2 =
r∏
l=0
Tnl/2 with Tnl/2 = T(n−n0)/2 ∩ SL±(nl,R) for l ≥ 0, and
• A(n−n0)/2 = A
r∏
l=0
Anl with Anl = A(n−n0)/2 ∩ SL±(nl,R).
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Choose a cuspidal parabolic subgroup Q containing C(n−n0)/2 and the upper triangular
matrices and write, for 0 ≤ l ≤ r, 2ρl for the sum of positive roots of (sl(nl,R), al) for the
sum of positive roots determined by Q. Let χ(n) ∈ Cˆ(n−n0)/2 be such that the following
holds:
• χ(n)|A = χ0,
• χ(n)|A0 = ρ0
• χ(n)|T0 is trivial
• χ(n)|Al =
1
2
ρl for l〉,
• χ(n)|Tl is a product of factors exp((n−
∑
i=l+1
ni −ml)2πi).
Then, IndGP (⊗
r
i=1I(ki)⊗ χn0 ⊗ χ0)
∼= J(χ(n)) [19].
5. SL(2,R) to GL(3,R)
In this section, as a warm-up example we will study the cohomological properties of
representations of GL(3,R) which are obtained by transferring Aq(λ)’s of SL(2,R). We
denote by sl(2,C) the complexified Lie algebra of SL(2,R). Let H =
(
1 0
0 −1
)
, X =
(
0 1
0 0
)
and Y =
(
0 0
1 0
)
be a basis of sl(2,R).
Let w =
(
0 1
1 0
)
, φ(A) = −tA and θ = int(w) ◦ φ. Then θ is the Cartan involution on
sl(2,C). Note that:
sl(2,C) = 〈H〉 ⊕ 〈X, Y 〉,
where k = 〈H〉 is the +1 eigen space of θ and p = 〈X, Y 〉 is the −1 eigen space of θ.
There are 3 θ−stable parabolic subalgebras of sl(2,C) corresponding to 0, H and −H .
(1) Corresponding to 0: This gives the full algebra of q0 = sl(2,C). Also, l = sl(2,C).
(2) Corresponding to H : The parabolic subalgebra is
q1 = 〈H〉 ⊕ 〈X〉,
where 〈H〉 is l and u = 〈X〉.
(3) Corresponding to −H : The parabolic subalgebra is
q2 = 〈H〉 ⊕ 〈Y 〉,
where 〈H〉 is l and u = 〈Y 〉.
Note that the only possible admissible character λ for q0 is λ = 0. This gives rise to the
trivial representation of SL(2,R). This representation is transferred to the trivial representa-
tion of GL(3,R) which is cohomological with respect to the trivial coefficients. Observe that
the Levi parts of both q1 and q2 are contained in k. Thus the cohomological representations
Aq1(λ) and Aq2(λ) are discrete series representations with highest weight λ. The Langlands
parameter for a representation of SL(2,R) is a homomorphism from the Weil group of R to
8 MAKARAND SARNOBAT
PGL(2,C). The parameter φ(Dn) for the discrete series representation of SL(2,R) is given
by
z 7→
(
( z
z¯
)
n
2 0
0 1
)
, j 7→
(
0 1
1 0
)
.
To compute the transfer of the discrete series representations of SL(2,R) to GL(3,R), we
embed PGL(2,C) into GL(3,R) via the 3- dimensional representation induced by GL(2,C)
taking (
a 0
0 b
)
7→

ab 0 00 1 0
0 0 b
a

 .
The image of PGL(2,C) can be identified with SO(3) ⊂ GL(3,C) which preserves the qua-
dratic form

0 0 10 −1 0
1 0 0

.
Thus, one observes that the transfer of a discrete series representation of SL(2,R), with
highest weight n, to GL(3,R) has Langlands parameter
z 7→

( zz¯ )
n
2 0 0
0 1 0
0 0 ( z
z¯
)−
n
2

 ; j 7→

0 0 10 −1 0
1 0 0

 .
We know that this corresponds to a cohomological representation of GL(3,R) which is
cohomological with respect to the finite dimensional representation with highest weight
(n, 0,−n). We have already seen that the transfer of Mn, the finite dimensional representa-
tion of SL(2,R) with highest weight n, transfers to the finite dimensional representation of
GL(3,R) with highest weight (n, 0,−n). Thus we have the following result:
Proposition 5.1. Let π be an irreducible unitary cohomological representation of SL(2,R)
with respect to the finite dimensional representationM . Then the representation of GL(3,R),
ι(π), obtained by the Langlands transfer is cohomological with respect to ι(M).
Remark 5.2. Note that the only cohomological representations of SL(2,R) are the discrete
series representations and the trivial representation.
6. Vogan-Zuckermann classification for Sp(4,R)
6.1. θ-stable subalgebras for Sp(2n,R). We will now parameterize the θ-stable parabolic
subalgebras of Sp(2n,R).
We have the following result to aid us in listing all the θ-stable subalgebras of Sp(4,R).
Lemma 6.1. The following sets are in 1− 1 correspondence:
(1) {open, polyhedral root cones in ih/WK }
(2) {ordered partitions of n: n =
s∑
j=1
(nj +mj) +m with nj , mj , m, s ≥ 0, nj +mj > 0}
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Proof. Let x = (x1, . . . , xn) ∈ ih/WK . Since WK acts by permuting the coordinates of x,
we can assume that x1 ≥ x2 ≥ · · · ≥ xr > 0 > xr+1 ≥ xr+2 ≥ · · · ≥ xn. This can also be
expressed as follows:
x = (s, . . . , s, s− 1, . . . , s− 1, . . . , 1, . . . , 1, 0, . . . , 0,−1, . . . ,−1, . . . ,−s, . . . ,−s),
where the number of j > 0 occurring in the above representation is nj , the number of
j < 0 occurring in the above representation is mj , and the number of zeros is m, with
n =
s∑
j=1
(nj +mj) +m with nj, mj , m, s ≥ 0, nj +mj > 0. This gives us a bijection between
the two sets above. 
Let Q be the set of all θ-stable parabolic subalgebras of g. The group K acts on the set
Q via the adjoint action due to which we get a finite set of θ-stable parabolic subalgebras
Q/K. The following lemma gives us a bijection between Q/K and open polyhedral root
cones in ih/WK .
Lemma 6.2. Every x ∈ ih/WK defines a θ-stable parabolic subalgebra qx by setting qx =
lx + ux, where
lx = h⊕
⊕
α∈∆(g,h),α(x)=0
gα; ux =
⊕
α∈∆(g,h),α(x)>0
gα.
Two θ-stable parabolic subalgebras qx, qy are equal if and only if x and y are in the same
open polyhedral root cone.
Conversely, up to conjugacy be K, any θ-stable parabolic subalgebra q is q = qx for some
x ∈ ih/WK .
Two θ-stable parabolic subalgebras, q1, q2 are said to be equivalent if ∆(u1∩p) = ∆(u2∩p),
i.e. if the non-compact parts in the unipotent radical of the parabolic subalgebras are equal.
We list down all the relevant data for Sp(4,C).
6.2. Parabolic subgroups of G = Sp(4,R). The Langlands parameter for a representation
can be read off from the inducing data of the representation. The inducing data includes a
parabolic subgroup of G, a representation of the Levi part of the parabolic and a character
on the Lie algebra of a split torus inside the parabolic. Since, we want to transfer the
representations ofG = Sp(4,R) to GL(5,R), it will be important to write down the Langlands
parameters for the representations Aq(λ)’s. It is well known that the parabolic subgroups
containing a Borel subgroup are in bijection with the subsets of the base corresponding to
the Borel (see [20]). It will be convenient if we list down the parabolic subgroups of Sp(4,R)
beforehand.
For Sp(4,R), there are 4 subsets of the base for the root system which is {e1 − e2, 2e2}.
Thus there are 4 parabolic subgroups of Sp(4,R). One of them being the group itself which
corresponds to the full base. This leaves 3 proper parabolic subgroups of Sp(4,R) which are:
(1) Minimal parabolic: B = M0A0N0, which corresponds to the empty subset of the
base, where
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M0 = {


ǫ1 0 0 0
0 ǫ2 0 0
0 0 ǫ1 0
0 0 0 ǫ2

 : ǫi ∈ {±1}},
A0 = {diag(a, b, a
−1, b−1) : a, b ∈ R×>0}, and
N0 = {n(x0, x1, x2, x3) =


1 0 x1 x2
0 1 x2 x3
0 0 1 0
0 0 0 1




1 x0 0 0
0 1 0 0
0 0 1 0
0 0 −x0 1

} ⊂ Sp(4).
(2) Siegel parabolic: PS = MSASNS, which corresponds to the subset Σ = {e1 − e2}
of the base, where
MS = {
(
m 0
0 tm−1
)
: m ∈ SL±(2,R)},
AS = {diag(a, a, a
−1, a−1) : a > 0}, and
NS = {
(
12 x
0 12
)
: x = tx ∈ M2(R)}.
(3) Jacobi Parabolic: PJ = MJAJNJ , which corresponds to the subset Σ = {2e2} of
the base, where
MJ = {


ǫ 0 0 0
0 a 0 b
0 0 ǫ 0
0 c 0 d

 :
(
a b
c d
)
∈ SL(2,R), ǫ = ±1}
AJ = {diag(a, 1, a
−1, 1) : a ∈ R×>0}, and
NJ = {n(x0, x1, x2, 0) : xi ∈ R}.
6.3. θ-stable parabolic subalgebras of sp(4). We list all the θ-stable parabolic subalge-
bras q = l + u of sp(4) along with the possible admissible λ : l → C which can be obtained
from a highest weight of h. We note that a highest weight of h can be extended to an admis-
sible character of l if and only if λ|h∩[l0,l0] and λ|a = 0 where the subalgebra l0 = l ∩ sp(4,R)
(see [5]). Along with the θ-stable parabolic subalgebras and their corresponding admissible
characters, we will also simultaneously list down some useful data for each θ-stable parabolic
subalgebra, which will come in handy when we compute the Langlands parameters. To make
the list we use Lemma 6.2 and Theorem 6.1.
(1) x = 0 corresponding to the partition 2 = 2.
The θ-stable parabolic subalgebra corresponding to x is:
q1 = sp4(C) + 0
The Levi part is: l = sp4(C).
l0 = l ∩ sp4(R) = sp4(R).
[l0, l0] = l0.
So h ∩ [l0, l0] = h.
Therefore, λ of h can be extended to get an admissible character of l if and only if
λ = 0. This θ- stable parabolic subalgebra corresponds to the parabolic subgroup G.
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(2) x = −Z − 2Z ′ corresponding to the partition 2 = (0 + 1) + (0 + 1) + 0.
The θ-stable parabolic subalgebra corresponding to x is:
q2 =< Z,Z
′ > + < N+, X−, P1−, P0− >
The Levi part is: l =< Z,Z ′ > .
l0 = l ∩ sp4(R) =< iZ, iZ
′ >= h.
[l0, l0] = 0.
So h ∩ [l0, l0] = 0.
Therefore, any highest weight λ of h is an admissible character of l = h. This θ-
stable parabolic subalgebra corresponds to the parabolic subgroup B.
(3) x = 2Z − Z ′ corresponding to the partition 2 = (1 + 0) + (0 + 1) + 0.
The θ-stable parabolic subalgebra corresponding to x is:
q3 =< Z,Z
′ > + < N+, X+, P1+, P0− >
The Levi part is: l =< Z,Z ′ > .
l0 = l ∩ sp4(R) =< iZ, iZ
′ >= h.
[l0, l0] = 0.
So h ∩ [l0, l0] = 0.
Therefore, any highest weight λ of h is an admissible character of l = h. This θ-
stable parabolic subalgebra corresponds to the parabolic subgroup B.
(4) x = 2Z ′ − Z corresponding to the partition 2 = (0 + 1) + (1 + 0) + 0.
The θ-stable parabolic subalgebra corresponding to x is:
q4 =< Z,Z
′ > + < N−, X−, P1+, P0+ >
The Levi part is: l =< Z,Z ′ > .
l0 = l ∩ sp4(R) =< iZ, iZ
′ >= h.
[l0, l0] = 0.
So h ∩ [l0, l0] = 0.
Therefore, any highest weight λ of h is an admissible character of l = h. This θ-
stable parabolic subalgebra corresponds to the parabolic subgroup B.
(5) x = 2Z + Z ′ corresponding to the partition 2 = (1 + 0) + (1 + 0) + 0.
The θ-stable parabolic subalgebra corresponding to x is:
q5 =< Z,Z
′ > + < N+, X+, P1+, P0+ >
The Levi part is: l =< Z,Z ′ > .
l0 = l ∩ sp4(R) =< iZ, iZ
′ >= h.
[l0, l0] = 0.
So h ∩ [l0, l0] = 0.
Therefore, any highest weight λ of h is an admissible character of l = h. This θ-
stable parabolic subalgebra corresponds to the parabolic subgroup B.
(6) x = Z + Z ′ corresponding to the partition 2 = (2 + 0) + 0.
The θ-stable parabolic subalgebra corresponding to x is:
q6 =< Z,Z
′, N+, N− > + < X+, P1+, P0+ >
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Note that u ∩ p = u which is also equal to the intersection of the unipotent part of
q5 and p. Thus q6 is equivalent to q5, and the corresponding Aq(λ)’s are isomorphic.
(7) x = −(Z + Z ′) corresponding to the partition 2 = (0 + 2) + 0.
The θ-stable parabolic subalgebra corresponding to x is:
q7 =< Z,Z
′, N+, N− > + < X−, P1−, P0− >
Note that u ∩ p = u which is also equal to the intersection of the unipotent part of
q2 and p. Thus q7 is equivalent to q2, and the corresponding Aq(λ)’s are isomorphic.
(8) x = Z corresponding to the partition 2 = (1 + 0) + 1.
The θ-stable parabolic subalgebra corresponding to x is:
q8 =< Z,Z
′, P0+, P0− > + < N+, X+, P1+ >
The Levi part is: l =< Z,Z ′, P0+, P0− > .
l0 = l ∩ sp4(R) =< iZ, iZ
′, P0+ + P0−, i(P0+ − P0−) > .
[l0, l0] =< h2 = iZ
′ > .
So h ∩ [l0, l0] =< h2 = iZ
′ > .
Therefore, a highest weight λ of h can be extended to get an admissible character
of l if and only if λ(h2) = 0. This θ- stable parabolic subalgebra corresponds to the
parabolic subgroup PJ .
(9) x = −Z ′ corresponding to the partition 2 = (0 + 1) + 1.
The θ-stable parabolic subalgebra corresponding to x is:
q9 = 〈Z,Z
′, X+, X−〉+ 〈N+, P1−, P0−〉
The Levi part is: l = 〈Z,Z ′, X+, X−〉.
l0 = l ∩ sp4(R) = 〈iZ, iZ
′, X+ +X−, i(X+ −X−)〉.
[l0, l0] = 〈iZ, 2i(X− −X−), 2(X+ −X−)〉.
So h ∩ [l0, l0] = 〈h1 = iZ〉.
Therefore, a highest weight λ of h can be extended to get an admissible character
of l if and only if λ = (0, λ). Note that this integral weight is conjugate under the
Weyl group to an integral weight of the form λ = (λ, 0). This θ- stable parabolic
subalgebra corresponds to the parabolic subgroup PJ .
(10) x = Z − Z ′ corresponding to the partition 2 = (1 + 1) + 0.
The θ-stable parabolic subalgebra corresponding to x is:
q10 = 〈Z,Z
′, P1+, P1−〉+ 〈N+, X+, P0−〉
The Levi part is: l = 〈Z,Z ′, P1+, P1−〉.
l0 = l ∩ sp4(R) = 〈iZ, iZ
′, P1+ + P1−, i(P1+ − P1−)〉.
[l0, l0] = 〈i(P1+ − P1−),−(P1+ + P1−),−2i(Z + Z
′)〉.
So h ∩ [l0, l0] = 〈h1 + h2〉.
Therefore, a highest weight λ of h can be extended to get an admissible character
of l if and only if λ(h1 + h2) = 0 i.e. λ(h1) = −λ(h2). Note that such an integral
weight is conjugate to an integral weight of the form (λ, λ). This θ- stable parabolic
subalgebra corresponds to the parabolic subgroup PS.
We summarize the θ-stable parabolic subalgebras and the relevant data as below:
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Parabolic Corresponding Possible highest
subagebras Parabolic subgroups weight λ
q1 G λ = 0
q2 ∼ q7, q3, q4, q5 ∼ q6 B Any λ
q8 PJ λ = (λ, 0)
q9 PJ λ = (λ, 0)
q10 PS λ = (λ, λ)
7. Parabolic subgroups of SO(5,C)
For G = Sp(4,R), we know that LG◦ = SO(5,C). Recall that, for a given represen-
tation π of G the Langlands parameter is a map φ(π) : WR →
LG and the image of
WR under φ is contained in a parabolic subgroup of
LG◦. Hence, we write down explic-
itly the parabolic subgroups of SO(5). For SO(5,C), the choice of the bilinear form is
J = anti-diag(1,−1, 1,−1, 1). Then the maximal torus for SO(5,C) contains elements of the
form diag(a, b, 1, b−1, a−1). For SO(5,C), we have 3 proper parabolics which are enumerated
below:
(1) Minimal parabolic: B = M0A0N0, which corresponds to the empty subset of
the base, where M0 = {I5}, A0 is the subset of the diagonal matrices of the form
A0 = {diag(a, b, 1, b
−1, a−1) : a, b ∈ C×}, and
NB = {


1 ∗ ∗ ∗ ∗
0 1 ∗ ∗ ∗
0 0 1 ∗ ∗
0 0 0 1 ∗
0 0 0 0 1

} ⊂ SO(5).
(2) Siegel parabolic: PS = MSASNS corresponding to the subset
Σ = {e1 − e2} of the base, where
MS = {

A 0 00 1 0
0 0 A

 : A ∈ SL(2,C)},
AS = {diag(a, a, 1, a
−1, a−1) : a ∈ C×}, and
NS = {


1 0 ∗ ∗ ∗
0 1 ∗ ∗ ∗
0 0 1 ∗ ∗
0 0 0 1 0
0 0 0 0 1

} ⊂ SO(5).
(3) Jacobi Parabolic: PJ = MJAJNJ corresponding to the subset
Σ = {e2} of the base, where
MJ = {

1 0 00 A 0
0 0 1

 : A ∈ SO(3)} ∈ SO(5),
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AJ = {diag(a, 1, 1, 1, a
−1) : a ∈ C×}, and
NJ = {


1 ∗ ∗ ∗ ∗
0 1 0 0 ∗
0 0 1 0 ∗
0 0 0 1 ∗
0 0 0 0 1

} ⊂ SO(5).
We can now compute the Langlands parameters for Aq(λ)’s and compute their transfers
to representations of GL(5,R).
8. Cohomological representations with trivial coefficients
In this section, assume that λ = 0. So we will be looking at Aq such that λ = 0 can
be extended to an admissible character of l, the Levi part of q. Let Q(λ) be the set of all
non-equivalent q’s such that λ can be extended to an admissible character of q. When λ = 0,
then Q(λ) consists of all the 8 nonequivalent θ-stable parabolic subalgebras listed in 6.3.
8.1. Trivial and the Discrete Series representations. For q1 = sp4(R), the representa-
tion Aq is the trivial representation of Sp(4,R) which is transferred to the trivial represen-
tation of GL(5,R).
From Remark 3.3, we note that Aq is the discrete series representations if q is one of the
following:
• q2 = 〈Z,Z
′〉 ⊕ 〈N+, X−, P1−, P0−〉,
• q3 = 〈Z,Z
′〉 ⊕ 〈N+, X+, P1+, P0−〉,
• q4 = 〈Z,Z
′〉 ⊕ 〈N−, X−, P1+, P0+〉,
• q5 = 〈Z,Z
′〉 ⊕ 〈N+, X+, P1+, P0+〉.
The transfer of these representations has been dealt with in [15] and we know that the
transfer of these representations is cohomological with respect to the trivial representation
of GL(5,R). Note that, the θ stable parabolic subalgebras q6 and q7, give different realiza-
tions of Aq5 and Aq2 respectively since the corresponding θ stable parabolic subalgebras are
equivalent.
This leaves us with 3 θ-stable parabolic subalgebras and their corresponding cohomological
representations. The remaining parabolic subalgebras are:
• q8 = 〈Z,Z
′, P0+, P0−〉 ⊕ 〈N+, X+, P1+〉
• q9 = 〈Z,Z
′, X+, X−〉 ⊕ 〈N+, P1−, P0−〉
• q10 = 〈Z,Z
′, P1+, P1−〉 ⊕ 〈N+, X+, P0−〉
We analyze the remaining three case by case.
8.2. Case of the Jacobi θ stable subalgebra. We now deal with the 2 representations
of Sp(4,R) corresponding to the θ-stable subalgebras q8 and q9 listed in 8.1.
As noted earlier q8 corresponds to the parabolic subgroup PJ . We will now compute
the Langlands data for Aq8. Recall that q8 = 〈Z,Z
′, P0+, P0−〉 ⊕ 〈N+, X+, P1+〉, where
〈Z,Z ′, P0+, P0−〉 = l, 〈N+, X+, P1+〉 = u and λ = 0.
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We choose a maximally split Cartan subgroup H inside L. The Levi L is isomorphic to
GL(1,R) × SL(2,R). The Lie algebra corresponding to H = TA is 〈Z, P0+ + P0−〉. Note
that the Lie algebra of T is generated by Z and for A is P0+ + P0− =


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 −1

.
Now consider,
CentG(A) = MA.
Then M is isomorphic to SL(2,R) × {±1}. To compute the Langlands parameter for the
representation Aq8 , we need a parabolic subgroup P = MAN of G = Sp(4,R), a discrete
series representation on M and a character ν of a. For the parabolic, choose any parabolic
subgroup of G which has Levi factor MA. The Jacobi parabolic PJ is one such subgroup.
This corresponds to the subset Σ = {2e2} of the base.
Thus, we know that the representation Aq8 is obtained as the Langlands quotient of a
representation which is induced from the Jacobi parabolic PJ . The character on a is obtained
by restricting ρL to a. Hence
ν = ρL|a =
1
2
(0, 2) = (0, 1).
Now for the discrete series representation of M : The Harish-Chandra parameter for the
representation ofM◦ = SL(2,R), the connected component ofM , is given by ρ(u)+ρ(M∩L)
where ρ is computed with respect to t. Observe that, M ∩ L = {±1} which implies that
ρ(m ∩ L) = 0. We have u = 〈N+, X+, P1+〉. Thus
ρ(u) =
1
2
((1 + 2 + 1), 0) = (2, 0).
The only question remains is whether the representation on {±1} ⊂ M is the trivial one
or the sign character. We compute this as follows:
The Lie algebra of M is m = 〈Z, P0+ + P0−, X+, X−〉. Then M ∩ K = {±1} × SO(2).
The discrete series representation on M ∩K is the representation with highest weight given
by the formula 2ρ ∧dim u∩p (u ∩ p)|t which in this case is (2 + 1) = 3. Thus the character
on {±1} is given by ǫ : −1 7→ −1. Note that this computation gives us the discrete series
representation on the {±1} as well as the SL(2,R) of the Levi part.
Now we compute the Langlands parameter for Aq8 . Note that since the representation
Aq8 is induced from the parabolic PJ , the image of WR should lie inside the corresponding
parabolic subgroup of PJ ⊆ SO(5,C).
The transfer of Aq8 to GL(5,R) is the Langlands quotient of the following induced repre-
sentation:
IndGP (D4 ⊗ χ1ǫ⊗ χ−1ǫ⊗ ǫ)
16 MAKARAND SARNOBAT
where P is the (2, 1, 1, 1) parabolic subgroup of GL(5,R) and χn(x) = x
n, since the Langlands
parameter for Aq8 is given by
z 7→


(zz¯) 0 0 0 0
0 ( z
z¯
)2 0 0 0
0 0 1 0 0
0 0 0 (zz¯)−1 0
0 0 0 0 ( z
z¯
)−2

 ; j 7→


−1 0 0 0 0
0 0 0 0 1
0 0 −1 0 0
0 0 0 −1 0
0 1 0 0 0

 .
Observe that the Langlands quotient of IndGP (D4 ⊗ χ1ǫ⊗ χ−1ǫ⊗ ǫ) is isomorphic to
IndGP (D4 ⊗ ǫ) where P is the (2, 3) parabolic of GL(5,R), and ǫ is the sign representation of
GL(3,R). This follows from the fact that for the Borel B of GL(3,R), the Langlands quotient
of Ind
GL(3,R)
B (| · |⊗ǫ⊗|·|
−1), is ǫ. We further note that IndGP (D4⊗ǫ)
∼= IndGP (D4⊗1)⊗ǫ. Thus,
this is a twist of a unitary representation by the sign character. Hence this representation
is unitary. Thus we can appeal to Speh’s classification and figure out whether the above
representation is cohomological or not.
Since the transferred representation is induced from the (2, 1, 1, 1) parabolic and we only
have one factor of GL(2,R) in the inducing data, we consider the representation correspond-
ing to the partition 5 = 3 + 2 of GL(5,R) in terms of Speh’s classification [19]. For the
partition n = 5 = 3 + 2, we have n0 = 3, n1 = 2, m1 = 1. The representation which is
cohomological corresponding to this partition is obtained as a Langlands quotient of the
(2, 1, 1, 1) parabolic. The discrete series representation on the GL(2,R) part of the Levi is
given by exp(n −
∑
i=2
ni −m1), which is n = 4 since for i > 1, ni, mi = 0. Thus we observe
that the representation which occurs in Speh’s classification is IndGP (D4 ⊗ 1). Thus, the
transferred representation obtained from Aq8 does not occur in the classification of Speh.
Hence the transfer of Aq8 is not a cohomological representation of GL(5,R).
A similar computation for the parabolic subalgebra q9 shows that the representations Aq8
and Aq9 transfer to the same representation of GL(5,R). Thus, the transfer of Aq8 and Aq9
to representations of GL(5,R) are not cohomological.
8.3. Case of Siegel θ-stable parabolic subalgebra. The last case left is the case when
the θ-stable parabolic subalgebra is
q10 = 〈Z,Z
′, P1+, P1−〉 ⊕ 〈N+, X+, P0−〉,
where 〈Z,Z ′, P1+, P1−〉 = l and 〈N+, X+, P0−〉 = u. Let λ = 0.
We choose a maximally split Cartan subgroup H inside L. Then L is isomorphic to
GL(1,R)×SL(2,R). The Lie algebra corresponding to H = TA is 〈Z−Z ′, P1++P1−〉. Note
that the Lie algebra of T is generated by Z−Z ′ and for A is P1++P1− =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

.
Now consider,
CentG(A) = MA.
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Then M is isomorphic to SL(2,R) × {±1}. To compute the Langlands parameter for the
representation Aq10 , we need a parabolic subgroup P = MAN of G = Sp(4,R), a discrete
series representation on M and a character ν of a. For the parabolic, choose any parabolic
subgroup of G which has Levi factor MA. The Siegel parabolic PS is such a parabolic. This
parabolic subgroup corresponds to the subset Σ = {e1 − e2} of the base.
Thus, the representation Aq10 is obtained as the Langlands quotient of a representation
which is induced from the Siegel parabolic. Now we compute the other two parameters. The
character on a is obtained by restricting ρL to a. Thus
ν = ρL|a =
1
2
(2, 2) = (1, 1).
Now for the discrete series representation of M : The Harish-Chandra parameter for the
representation ofM◦ = SL(2,R), the connected component ofM , is given by ρ(u)+ρ(M∩L)
where ρ is computed with respect to t. Observe that, M ∩ L = {±1} which implies that
ρ(m ∩ L) = 0. We have u = 〈N+, X+, P0−〉. Thus
ρ(u) =
1
2
(2 + 2 + 2, 2 + 2 + 2) = (3, 3).
The only question remains is whether the representation on {±1} ⊂ M is the trivial one
or the sign character. We compute this as follows:
Note that M ∩ K = {±1} × SO(2). The discrete series representation on M ∩ K is the
representation with highest weight given by the formula 2ρ ∧dim u∩p (u ∩ p)|t which in this
case is (2 + 2) = 4. Thus the character on {±1} is the trivial character. Now we compute
the Langlands parameter for Aq10
∼= IndGPS(D3|det|
1
2 ).
Since LSp(4,R)◦ is SO(5,C), a Langlands parameter is a map from WR, the Weil group
of R, to SO(5,C) which we will then compose with the inclusion into GL(5,C) to get a
representation of GL(5,R). Since the representation Aq10 is induced from the parabolic PS,
the image ofWR should go inside PS which is a parabolic subgroup of SO(5,C), corresponding
to the subset Σ = {e2} of the base. The Langlands parameter for Aq10 is given by
z 7→ diag(z2z¯−1, z−1z¯2, 1, zz¯−2, z−2z¯);
and
j 7→


0 −1 0 0 0
1 0 0 0 0
0 0 1 0 0
0 0 0 0 −1
0 0 0 1 0

 .
Thus the transfer of Aq10 to GL(5,R) is the Langlands quotient of the following induced
representation:
IndGP (D3|det|
1
2 ⊗ 1⊗D3|det|
−
1
2 )
where P is the (2, 1, 2) parabolic subgroup of GL(5,R). We need to analyze whether this
representation occurs in the Speh’s classification of unitary irreducible cohomological repre-
sentations of GL(5,R).
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We consider the partition 5 = 1 + 4. Using notations from 4, we have n0 = 1, n1 = 4 and
m1 = 2. The representation occurring in Speh’s classification corresponding to this partition
is Ind
GL(5,R)
(1,4) (1⊗ I(3)).
Now we must compute the corresponding Langlands data for this representation. Appeal-
ing to 4, we note that for the character χ(3) on T 02 given by χ(3)(e
iθ1 , eiθ2) = e3i(θ1+θ2) and
χ(3)|A2 = exp(
ρ2
2
) = a1
a2
,
I(3) = J(χ(3)).
But as a representation of GL(4,R), J(χ(3)) = Ind(D3|det|
1
2 ⊗D3|det|
−
1
2 ). Thus we note
that Ind
GL(5,R)
(1,4) (1⊗I(3)) = Ind
G
P (D3|det|
1
2 ⊗1⊗D3|det|
−
1
2 ). Hence, the transfer of Aq10 occurs
in the classification of Speh and is hence cohomological.
8.4. Summary. Thus, to summarize we have:
Theorem 8.1. Let π be an irreducible unitary representation of Sp(4,R) such that π has non-
vanishing cohomology with trivial coefficients. Let ι(π) denote the transferred representation
of π to GL(5,R). Then ι(π) is cohomological with trivial coefficients if π is one of the
following:
(1) π is the trivial representation,
(2) π is a discrete series representation of Sp(4,R),
(3) π is induced from the Siegel parabolic.
9. Cohomological representations with Non-Trivial coefficients
In this section, we will let λ = (λ1, λ2), λ1 ≥ λ2 ≥ 0 be a non-zero highest weight of
Sp(4,R). We will consider the following sub cases:
• λ1 = λ2 6= 0,
• λ1 > λ2 6= 0,
• λ2 = 0.
9.1. λ = (λ, λ), with λ 6= 0. In this case, we note that the θ-stable parabolic subalgebras
which are relevant are q2 ∼ q7, q3, q4, q5 ∼ q6 and q10. Note that Aqi for 2 ≤ i ≤ 7 are
discrete series representations. Thus, from ?? we know that these transfer to cohomological
representations of GL(5,R).
The other representations left are the representations arriving from the parabolic q10. As
we have already seen before these representations are obtained as the Langlands quotient of a
representation which is induced from the Siegel parabolic of G = Sp(4,R). We compute the
Langlands parameters for the representations Aq10(λ), as before. We note that the discrete
series representation on MS is given by 2λ + 3. The character on a does not change and is
still given by
ν = ρL|a =
1
2
(2, 2) = (1, 1).
Thus, the representation Aq10(λ) is the irreducible Langlands quotient of the induced rep-
resentation IndGPS(D2λ+3|det|
1
2 ). We note that the Langlands parameter of Aq10(λ) is given
by
z 7→ diag(zλ+2z¯−λ−1, z−λ−1z¯λ+2, 1, zλ+1z¯−λ−2, z−λ−2z¯λ+1)
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and
j 7→


0 (−1)2λ+3 0 0 0
1 0 0 0 0
0 0 1 0 0
0 0 0 0 (−1)2λ+3
0 0 0 1 0

 .
Thus, the transfer of Aq10(λ) to GL(5,R) is obtained as a Langlands quotient of
Ind
GL(5,R)
(2,1,2) (D2λ+3|det|
1
2 ⊗ 1⊗D2λ+3|det|
−
1
2 ).
The question whether this representation of GL(5,R) is cohomological or not does not
seem to have an easy answer since the main ingredient, which is the Speh’s classification for
cohomological representations of GL(n,R) with non-trivial coefficients is not available. The
expectation is that this representation is cohomological.
9.2. λ = (λ1, λ2), with λ2 6= 0 and λ1 > λ2. In this case, we note that the θ-stable para-
bolic subalgebras which are relevant are q2 ∼ q7, q3, q4 and q5 ∼ q6. For these subalgebras
the Levi parts, l, are contained in k and hence the representations Aq are the discrete series
representations. From [15], we know that the transfer of these representations are cohomo-
logical.
Thus we have:
Proposition 9.1. Let λ = (λ1, λ2), λ2 6= 0. Then the transfer of Aq(λ) to GL(5,R) is
cohomological.
9.3. λ = (λ, 0). The θ-stable parabolic subalgebras which are relevant are q2 ∼ q7, q3, q4, q5 ∼
q6, q8 and q9. Out of these 6 θ-stable parabolic subalgebras, q2 ∼ q7, q3, q4 and q5 ∼ q6 cor-
respond to the discrete series representations as before and we know that these transfer to
cohomological representations of GL(5,R) from [15].
This leaves us with the representations Aq8(λ), Aq9(λ). Note that for the θ-stable parabolic
subalgebra q8, λ|t = λ and λ|a = 0. These observations along with the calculations in section
8.2 imply that the Langlands parameter for the representation Aq8(λ) is given by:
z 7→ diag(zz¯, (
z
z¯
)
λ+2
2 , 1, (zz¯)−1, (
z
z¯
)−
λ+2
2 )
j 7→


−1 0 0 0 0
0 0 0 0 (−1)λ+2
0 0 1 0 0
0 0 0 −1 0
0 1 0 0 0

 .
Hence, we observe that the transfer of Aq8(λ) is obtained by taking the Langlands quotient
of:
IndGP (Dλ+2 ⊗ χ1ǫ⊗ χ−1ǫ⊗ ǫ),
where P is the (2, 1, 1, 1)-parabolic subgroup of GL(5,R), χn(x) = x
n and ǫ is the sign
character on R×.
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A similar calculation as above shows that the transfer of Aq9(λ) is also the Langlands
quotient of
IndGP (Dλ+2 ⊗ χ1ǫ⊗ χ−1ǫ⊗ ǫ),
where P is as above. The question whether this representation of GL(5,R) is cohomological
or not does not seem to have an easy answer since the main ingredient, which is the Speh’s
classification for cohomological representations of GL(n,R) with non-trivial coefficients is not
available at the moment. The expectation is that this representation is not cohomological.
We now summarize these observations.
9.4. Summary. Finally, to summarize the results we put everything in a tabular form.
The table completely answers which unitary, irreducible cohomological representations of
G = Sp(4,R) are transferred to cohomological representations of GL(5,R) in the λ = 0 case.
In the non-trivial coefficients case, it seems like a difficult question at the moment since no
analogous result of Speh’s classification for cohomological representations with non-trivial
coefficients seem to exist. One hopes to prove this and obtain a complete result for the case
G = Sp(4,R).
Representation Corresponding λ Transfer
Parabolic cohomological or not
Aq1 B λ = 0 Cohomological
Aq2
∼= Aq7 , Aq3 B Any λ Cohomological
Aq4 , Aq5
∼= Aq6
Aq8 PJ λ = 0 Not Cohomological
λ = (λ, 0) Expected to be not cohomological
Aq9 PJ λ = 0 Not Cohomological
λ = (λ, 0) Expected to be not cohomological
Aq10 PS λ = 0 Cohomological
λ = (λ, λ) Expected to be cohomological
Considering the observations made above, we make the following conjecture:
Conjecture 9.2. Let π be an irreducible unitary representation of Sp(4,R) such that π has
non-vanishing cohomology. Let ι(π) denote the transferred representation of π to GL(5,R).
Then ι(π) is cohomological if π is one of the following:
(1) π is the trivial representation,
(2) π is a discrete series representation of Sp(4,R),
(3) π is induced from the Siegel parabolic.
Further, if π is cohomological with respect to the finite dimensional representation Mλ, then
ι(π) is cohomological with respect to ι(Mλ).
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